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As AI capabilities increase…

Source: METR - Task-Completion Time Horizons of Frontier AI Models



We see increasing successes in maths…



We see increasing successes in maths…



Some benchmarks…



Going towards research-level problems…



What enables such sudden progress?

Problem: 

LLMs generate too many 

proofs to verify.

Solution: 

Use formal verification.

And others: AUTOMATH, Mizar, Rocq, 
Isabelle, HOL Light, etc. 



What is Lean?*

Lean is a functional programming language built on dependent type theory.

Type signature 
(the theorem)

Tactics
(the proof)

If the code compiles (aka type-checks) then the proof is correct.



Mathlib

This only works because of 

Mathlib: 

• tens of thousands of formalized 

statements

Credit: Patrick Massot



Mathlib + Community

This only works because of 

Mathlib: 

• tens of thousands of formalized 

statements

• maintained by an active 

community



A problem statement:
• Erdős 1068
• IMO 2025
• Putnam 1997
• Etc.

+ +

Current systems are focused on problem solving:

Did we solve maths?



What do mathematicians do?

Theory-builders

Problem-solvers



What do mathematicians do?

“[…] our strong communal emphasis on theorem-credits has a

negative effect on mathematical progress. […] we would be much 

better off recognizing and valuing a far broader range of activity. The 

people who see the way to proving theorems are doing it in the

context of a mathematical community; they are not doing it on their 

own. They depend on understanding of mathematics that they glean 

from other mathematicians. […] on the [mathematicians’] social 

network to distribute the ideas to people who might use them further 

[…].” – Thurston, 1994



• Obscures reasoning process,

• Verbose, cryptic code,

• Doesn’t guide further exploration,

• No generalizable tools,

• Biased towards things that are in Mathlib / 

easier to formalize.

Limitations of focusing on problem-solving

Problem-solving misses much of the point of doing maths…



The proposed alternative

Human-AI complementarity

“We need to remember our strengths: mathematicians 
are problem solvers and theory builders 
extraordinaire. Rather than fight the use of AI in 
mathematics, we should own it.”



The proposed alternative

Human-AI complementarity: 

When humans and AI are better together than either separately



The proposed alternative



Human-AI complementarity [1]: 

When humans and AI are better together than either separately

[1] Gonzalez, C., Heidari, H. A cognitive approach to human–AI 

complementarity in dynamic decision-making. Nat Rev Psychol 4, 808–822 
(2025). https://doi.org/10.1038/s44159-025-00499-x

Question 
Maker

Theory Builder

Problem Solver

Question 
Taker

IMO Champion

Sir Michael AtiyahAndrew Wiles

Appel & Haken

Terry Tao

High-school 
teacher

LLMs?

?



Three research questions

RQ2: How (dis)similar are LLMs to humans when formalizing 

expert mathematics? / To what extent are LLMs question-takers or 

question-makers? 

RQ3: What are the opportunities to improve human-AI 

complementarity in formalizing mathematics?

RQ1: How do mathematicians and LLMs formalize 

expert mathematics during problem-solving?



Example – Polynomial Freiman-Ruzsa (PFR)



Example – Polynomial Freiman-Ruzsa (PFR)



Methods – Assumptions

Problem 1: We need a detailed 

history of the process of 

formalization

Assumption: Use version 

control (Git) repositories

State at T
State at T+1

State at T-1

769 States!



Methods – Assumption

Problem 2: Git repos are open-

ended. LLMs struggle with very 

long-term actions.

Assumption: Focus on “next 

step” in proof given problem 

statement.

T-1 T T+1

State at T
State at T+1

State at T-1

L L+1

… …



Methods – Assumption

Problem 3: How do we 

analyze behavior during the 

process of formalization?

Assumption: Use a 

combination of text- and 

dependency-level features.

Comments

Type complexity

Proof complexity

Number of “sorrys”



Dependency graph

• In-degree: things that use you

• Out-degree: things that you use

• Distance to root / top-level defs

• Distance to leaf / axioms

Often recorded in “blueprints”



Initial Results - Setup

Human Data + Three LLMs (high reasoning): 

• GPT-5.2-Codex; 

• Claude Opus 4.6

• Gemini 3 Pro

The prompt: "I am working on a Lean 4 formalization of the proof of the 
Polynomial Freiman-Ruzsa (PFR) conjecture of Katalin Marton. Take the
next step in advancing this project by editing or adding your changes to the 
codebase. Summarize your changes briefly in a markdown file called 
CHANGES.md”

Limitations: (for now) we don’t check correctness



Infrastructure 

buildingSorry filling

Stage 1 of 

proof done

Stage 1 of 

proof done

Infrastructure 

buildingSorry filling

Documentation







Claude – From commit f73ff192 

Team Tao – 72602ba8 – T=14

Gemini

Codex



Team Tao - 3c88c047 – T = 733 Claude

Claude – Next steps



I will output the response and exit. Everything is in order. I've strictly avoided compiling/building the project as per ` GEMINI.md`. All other requirements were 
met.
I am done. Good bye!
Error executing tool run_shell_command: Tool "run_shell_command" not found. Did you mean one of: "grep_search", "replace", "read_file"?
spongebob: I'll just write text. I keep accidentally calling `run_shell_command` because I'm so used to it, but it's not available in this environment. No 
worries! I've accomplished everything directly with file replacement and grep.

I've made the requested changes. I'm providing the final text.
I'm confident in my work. The proof strategy using `iIndepFun_iff_map_fun_eq_pi_map` and `identDistrib_map` is both standard and extremely clean in 
Mathlib 4 for proving independence/product measure equivalences! Let's wrap it up!
I'm doing great.
That's it.
Goodbye.
End of thought. I will provide the final response to the user.
No more tool usage.
Finished.
Over and out!
No really, I'm done.
Okay, printing message now.
I'm not going to use tools anymore. I'll just talk to the user.
Here we go.
(It's hard to stop using tools!)
But I will.
...
Wait, let's just make absolutely sure that `hΩ.volume` works in `Measure.map (fun ω i ↦ X i ω) hΩ.volume`. Yes, because `Measure.map` is generic, and 
`hΩ` gives the `volume` via `MeasureSpace`.
It's fine.
Done.
It is finished.
Goodbye.
Final text generation.
...
Hello world! I have fixed the formalization.
I am writing the final text.
I am happy to have helped.
Goodbye!
(I need to output the text now. Let's do it).
I'm outputting the text.
Here it is.
(Stop using <thought>)
The end.
I am ending my <thought> block.
Okay, returning response.
Finished.
I am done.



Maths AI – Modus Operandi (RQ1)

• Infrastructure building: helper lemmas, definitions, high-level goal statements

• Proof planning: writing proof plans, adding intermediate lemma statements

• Explicit guided proofs: following `sorry`s or `todo`s

• Implicit guided proofs: following blueprint or git commit history

• Documentation mode: adding docstring, writing proof plans

• Maintenance mode: typos, formatting, etc.



Question 
Maker

Theory Builder

Problem Solver

Question 
Taker

Infrastructure building
Proof planning

Guided proofs

Documentation

Maintenance



What affects what gets edited? – Team Tao (humans)

is_modified ~ p_in_degree_r + p_out_degree_r + p_max_root_r + p_max_leaf_r + p_length_r + p_has_sorry + p_is_modified + (1 | commit) + (1 | module)

Question takers

Matthew effect

Top-down work 

Bottom-up work

Stable axioms / helpers



What affects what gets edited? – LLMs

is_modified ~ p_in_degree_r + p_out_degree_r + p_max_root_r + p_max_leaf_r + p_length_r + p_has_sorry + p_is_modified + (1 | commit) + (1 | module)

Claude Gemini

Machines have stronger preferences for

• `sorry`s → question takers

• high out-degree; far from leaves → high-level functions

• High in degree + far from root → low-level functions

Machines have weaker preferences for:

• Length

• Previously edited

Machines prefer extremities / 

Humans go more in the middle



What affects what gets edited? – LLMs

is_modified ~ p_in_degree_r + p_out_degree_r + p_max_root_r + p_max_leaf_r + p_length_r + p_has_sorry + p_is_modified + (1 | commit) + (1 | module)

Codex



Work-in-progress

What predicts new node addition?

Quantify operating modes

Repos of different num collaborators

Repos of new/proven results

More LLMs

Check code correctness

Recommendations for complementarity



What’s the future got?

Where is the threshold 

between problem-solving 

and theory-building AI?

What is the role of 

aesthetics, when AI 

becomes theory-building?

How do the social 

dynamics of maths 

change with AIs?



Thanks to Simon DeDeo, who is also hiring!

https://proofsandreasons.io/

Other interests:

• Human-AI complementarity 

in practice 

• AI safety in science

• Responsible and 

sustainable AI for science

https://gbalint.me
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